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ON PROJECTIVE REPRESENTATIONS OF
FINITELY GENERATED GROUPS
SUMANA HATUI, E. K. NARAYANAN, AND POOJA SINGLA
Abstract. We show that a finitely generated group G such that H2(G,Z) is finitely
generated possesses a representation group G˜ which is finitely generated. As applica-
tions we provide a characterization of monomial projective representations of finitely
generated nilpotent groups and a characterization of polycyclic groups whose projective
representations are finite dimensional.
1. Introduction
The study of projective representations has a long history starting with the pioneering
work of Schur for finite groups [12, 13, 14]. It involves understanding homomorphisms
from a group into the projective general linear groups. Let G be a group, F be a field and
A ⊆ F× be a trivial G-module. Let Z2(G,A) be the collection of all A valued 2-cocycles
of G. For any α ∈ Z2(G,A) and an F -vector space V , a map ρ : G → GL(V ) is called a
projective representation or α-representation if ρ(1) = IdV and
ρ(xy) = α(x, y)ρ(x)ρ(y), for all x, y ∈ G.
We will be considering only complex representations. So F = C and A = C×. For a
2-cocycle α such that α(x, y) = 1 for all x, y ∈ G, an α-representation of G will be called
an ordinary representation of G. A key concept in the study of projective representations
is the representation group to which these representations lift as ordinary representations.
Schur [12] proved that for every finite group G there exists a group G˜, nowadays called
Schur cover or representation group of G, such that the α-representations of G are ob-
tained from the ordinary representations of G˜ for all α ∈ Z2(G,C×). For example, the
representation groups for the symmetric group Sn for n ≥ 4, were classified by Schur [14].
See [8, Section 3.3] for more examples of Schur covers for several finite groups.
The purpose of this paper is to study projective representations of finitely generated
groups. We explore three interrelated topics, namely, existence of representation groups,
characterization of irreducible monomial projective representations and finite dimension-
ality of projective representations. For a finitely generated group G, under the assumption
that the second integral homology H2(G,Z) is finitely generated we establish the existence
of a finitely generated representation group G˜. Consequently, a bijective correspondence
between ordinary irreducible representations of G˜ and projective representations of G is
obtained. Armed with this result, we prove a characterization of monomial projective irre-
ducible representations of finitely generated nilpotent groups. Finally, using the existence
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of representation group crucially and modifying the arguments in Hall [4, Theorem 3.3],
we provide a characterization of polycyclic groups whose projective representations are
finite dimensional. We start with the relevant definitions. Recall the second cohomology
group H2(G,C×) is defined to be Z2(G,C×)/B2(G,C×) where B2(G,C×) is the collection
of all 2-coboundaries on G. For any α ∈ Z2(G,C×), its image in H2(G,C×) is denoted by
[α]. Two 2-cocycles α1, α2 ∈ Z
2(G,C×) are called cohomologous if [α1] = [α2].
Definition 1.1 (Representation group of G). A group G˜ is called a representation group
of G, if there is a central extension
1→ A→ G˜→ G→ 1
such that corresponding transgression map
tra : Hom(A,C×)→ H2(G,C×)
is an isomorphism.
In [5], the authors proved the existence of a representation group for finitely generated
abelian groups as well as for discrete Heisenberg groups. Our first main result is an
extension of this result for finitely generated groups G such that its multiplier H2(G,Z) is
finitely generated. Note that polycyclic groups fall into this class (see Theorem 3.6). Let
Irr(G) denote the set of all linearly inequivalent ordinary irreducible representations of G
over C and Irrα(G) denote the set of all linearly inequivalent irreducible α-representations
of G over C for α ∈ Z2(G,C×). We remark that for α,α′ ∈ Z2(G,C×) such that [α] = [α′],
the sets Irrα
′
(G) and Irrα(G) are in bijective correspondence and can be easily obtained
from each other. Therefore to study irreducible projective representations of G, we will
pick a representative α for each element of H2(G,C×) and study the corresponding α-
representations.
Theorem 1.2. Let G be a group such that both G and H2(G,Z) are finitely generated.
Then there exists a finitely generated representation group G˜ of G such that the sets Irr(G˜)
and ∪[α]∈H2(G,C×)Irr
α(G) are in bijective correspondence.
We prove this result in Section 3. For the exact correspondence see Lemma 3.1. As an
example, we give an explicit construction of a representation group for infinite metacyclic
groups, see Theorem 3.9.
Our first application of the above result is a characterization of the monomial irreducible
projective representations of finitely generated nilpotent groups. Let α ∈ Z2(G,C×) and
let ρ be an α-representation of G. Then ρ is said to be monomial if there exists a subgroup
H ⊂ G and an α-representation ψ : H → C× such that ρ is equivalent to IndGH(ψ) (see
Definition 2.1). In the context of ordinary representations of finitely generated nilpotent
groups, monomial representations are characterized by the finite weight property(see [11],
[1]). Motivated by this result, we define the following:
Definition 1.3. An α-representation (ρ, V ) of a group G is said to have finite weight if
there exists a subgroup H ⊂ G and an α-representation ψ : H → C× such that the space
VH(ψ) = {v ∈ V : ρ(h)v = ψ(h)v ∀h ∈ H}
is a non-trivial finite dimensional space.
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The following result gives a complete characterization of monomial irreducible projective
representations of a finitely generated nilpotent group.
Theorem 1.4. An irreducible α-representation ρ of a finitely generated nilpotent group is
monomial if and only if it has finite weight.
For a proof of this result, see Section 4. To prove this result we show that the charac-
terization of monomial irreducible projective representations of G can be obtained from
the corresponding characterization for the ordinary representations of its representation
group.
Our next result (second application) is a generalization of the well known result of
Hall [4, Theorem 3.3] which states that a polycyclic group G has all irreducible represen-
tations finite dimensional if and only if G is abelian by finite. We extend this result to
projective representations. For α ∈ Z2(G,C×), we say G is α-finite if every irreducible
α-representation of G is finite dimensional. We obtain the following characterization of
α-finite polycyclic groups.
Theorem 1.5. Let G be a polycyclic group and α ∈ Z2(G,C×). Then G is α-finite if and
only if there is a normal abelian subgroup N of G such that [αN×N ] is of finite order and
G/N is a finite group.
The proof of this result is included in Section 5 and is built on generalizing the ideas
of Hall for α = 1 case. We conclude the last section by characterizing the finite dimen-
sional irreducible α-representations of discrete Heisenberg groups of rank one and infinite
metacyclic groups. For infinite metacyclic groups G we prove that the following three are
equivalent:
(I) G is α-finite for any α ∈ Z2(G,C×),
(II) G is nilpotent,
(III) G is abelian by finite.
See Theorem 5.7 for more details.
2. Preliminaries
Below we recall some basic definitions and results regarding projective representations
of a group. We refer the reader to [8] for related results in the case of finite groups.
Let V be a complex vector space. Recall, a projective representation of a group G is a
map ρ : G→ GL(V ) such that
ρ(x)ρ(y) = α(x, y)ρ(xy), for all x, y ∈ G,
for suitable scalars α(x, y) ∈ C×. By the associativity of GL(V ), the map (x, y) 7→ α(x, y)
gives a 2-cocycle of G, that is α satisfy the following.
α(x, y)α(xy, z) = α(x, yz)α(y, z), for all x, y, z ∈ G.
In this case, we say ρ is an α-representation. Two α-representations ρ1 : G→ GL(V ) and
ρ2 : G → GL(W ) are called linearly equivalent if there is an invertible T ∈ Hom(V,W )
such that
Tρ1(g)T
−1 = ρ2(g), for all g ∈ G.
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Recall that an α-representation of G for α(x, y) = 1 for all x, y ∈ G is called an ordinary
representation of G. At times we shall call this just as a representation of G, omitting the
word ordinary, whenever our meaning is clear from the context. Next, we define induction
for the projective representations of a group. A definition for this appeared in [3, Section
2.2]. Below, we give a slight variant of this one that fits better in our future discussion.
Definition 2.1 (Induced projective representation). Let α ∈ Z2(G,C×), H be a subgroup
of G and (ρ,W ) be an α-representation of H. The induced projective representation (ρ˜, V )
of ρ denoted by IndGH(ρ) is defined as follows: The space V consists of the functions
f : G→ W such that
(i) f(hg) = α(h, g)−1ρ(h)f(g) ∀ h ∈ H, g ∈ G.
(ii) The support of f is contained in a union of finitely many right cosets of H in G.
The projective representation ρ˜ : G→ GL(V ) is defined by ρ˜(g)f(x) = α(x, g)f(xg) for
all x, g ∈ G.
It is easy to see that ρ˜(g)f ∈ V and ρ˜ is an α-representation of G. For α = 1, the above
definition coincides with usual induction for discrete groups, see [11, Definition 2.1].
For a central extension,
1→ A→ G˜→ G˜/A→ 1,
the Hochschild-Serre spectral sequence [6] for cohomology of groups yields the following
exact sequence
(2.0.1) Hom(G˜,C×)
res
−−→ Hom(A,C×)
tra
−−→ H2(G˜/A,C×)
inf
−→ H2(G˜,C×),
where tra : Hom(A,C×)→ H2(G˜/A,C×) given by f 7→ tra(f) = [α], with
α(x, y) = f(µ(x)µ(y¯)µ(x¯y)−1), for all x, y ∈ G˜/A,
for a section µ : G˜/A → G˜, denotes the transgression homomorphism and the inflation
homomorphism, inf : H2(G˜/A,C×) → H2(G˜,C×) is given by [α] 7→ inf([α]) = [β], where
β(x, y) = α(xA, yA), for all x, y ∈ G˜.
Throughout this article, while making a choice of a section map we will always choose
one that maps identity to identity.
Lemma 2.2. Let 1 → A → G˜ → G → 1 be a central extension such that G˜ is a repre-
sentation group of G. Then A ⊆ [G˜, G˜], where [G˜, G˜] denotes the commutator subgroup of
G˜.
Proof. By the definition of representation group and the exactness of 2.0.1, we have res :
Hom(G˜,C×)→ Hom(A,C×) is trivial. Hence, A ⊆ [G˜, G˜].

3. Existence of representation groups
In this section we prove Theorem 1.2. We start with the following lemma.
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Lemma 3.1. Let A be a central subgroup of a finitely generated group G˜ such that G˜ is
a representation group of G = G˜/A. Then there is a bijection between the sets Irr(G˜) and
∪[α]∈H2(G,C×)Irr
α(G).
Proof. We have a central extension
1→ A→ G˜→ G→ 1.
Let α ∈ Z2(G,C×). Since tra : Hom(A,C×) → H2(G,C×) is an isomorphism, there is
a χ ∈ Hom(A,C×) such that tra(χ) = [α]. Suppose (ρ, V ) ∈ Irrα(G). Choose a section
s : G˜/A → G˜. Then every element of g˜ ∈ G˜ can be written as g˜ = ags(g), for ag ∈ A
and g ∈ G. Define a map ρ˜ : G˜ → GL(V) by ρ˜(ags(g)) = χ(ag)ρ(g). It is easy to check
that ρ˜ ∈ Irr(G˜). Conversely, if (ρ˜, V ) ∈ Irr(G˜) then ρ˜|A is a character of A, say χ (by
Dixmier’s Lemma). Let [α] = tra(χ). If s : G→ G˜ is a section, define ρ : G→ GL(V ) by
ρ(g) = ρ˜(s(g)) for g ∈ G. Then ρ(g1)ρ(g2) = ρ˜(s(g1)s(g2)). Writing
s(g1)s(g2) = s(g1)s(g2)s(g1g2)
−1s(g1s2)
and noting that s(g1)s(g2)s(g1g2)
−1 ∈ A we get that
ρ(g1)ρ(g2) = α(g1, g2)ρ(g1g2).
Hence ρ is an α-representation and it is easy to see that ρ is irreducible. Hence ρ → ρ˜
gives the required bijection. 
Remark 3.2. For a relevant result in this context see [5, Theorem 3.1]. We also remark
that, changing the section s leads to equivalent representations in the above.
Now we prove that, if G is a group such that H2(G,Z) is finitely generated then G will
always have a representation group over C. As a first step we describe the isomorphism
between the abelian groups H2(G,C×) and Hom(H2(G,Z),C
×) as obtained from the uni-
versal coefficient theorem for second cohomology. We use this to give precise description
of the elements of H2(G,C×) in Theorem 3.4. This enables us to prove Theorem 1.2.
Let G be a group and A be a trivial G-module. For n ≥ 0, let Fn be the free G-module
generated by the sets of all ordered n-tuples [[x1, x2, . . . , xn]], xi ∈ G. Then there is the
following exact sequence of Z, called bar resolution (for details see [15, section 11.6]).
· · ·F3
d3−→ F2
d2−→ F1
d1−→ F0
d0−→ Z→ 0,(3.0.1)
where dn : Fn → Fn−1 is defined by
dn[[x1, x2, . . . , xn]] = x1[[x2, x3, . . . , xn+1]]
+
n−1∑
i=1
(−1)i[[x1, x2, . . . , xi−1, xixi+1, xi+2, . . . , xn]] + (−1)
n[[x1, x2, . . . , xn−1]]
for n ≥ 1 and d0([[]]) = 1.
For our purposes A = C×. Taking the tensor product of (3.0.1) with Z leads to
· · ·F3 ⊗ZG Z
d¯3−→ F2 ⊗ZG Z
d¯2−→ F1 ⊗ZG Z
d¯1−→ F0 ⊗ Z→ 0,
where d¯i := di ⊗ id. Then H2(G,Z) := Ker d¯2/Im d¯3.
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Claim 3.3. The abelian groups HomZG(Fi,C
×) and HomZ(Fi⊗ZG Z,C
×) are isomorphic
for all i.
Proof. Define the maps
δ : HomZ(Fi ⊗ZG Z,C
×)→ HomZG(Fi,C
×)
and
ψ : HomZG(Fi,C
×)→ HomZ(Fi ⊗ZG Z,C
×)
by
δ(f)(x) = f(x⊗ 1) for f ∈ HomZG(Fi ⊗ZG Z,C
×), x ∈ Fi.
ψ(g)(x ⊗ n) = n.g(x) = g(x)n for g ∈ HomZG(Fi,C
×), x⊗ n ∈ Fi ⊗ZG Z.
Here Z and C× are regarded as trivial ZG-modules. It is easy to see that δ and ψ are well
defined group homomorphisms and are inverses to each other. 
For any map g : G → H, the map g⋆ : Hom(H,C×) → Hom(G,C×) denotes the dual
map given by g⋆(f) = f ◦ g. Due to the above claim, it is easy to see that the following
diagram of abelian groups is commutative.
· · · → HomZG(F1,C
×)
d⋆2 //
ψ

HomZG(F2,C
×)
d⋆3 //
ψ

HomZG(F3,C
×)→ · · ·
ψ

· · · → HomZ(F1 ⊗ZG Z,C
×)
d¯⋆2 // HomZ(F2 ⊗ZG Z,C
×)
d¯⋆3 // HomZ(F3 ⊗ZG Z,C
×)→ · · ·
Therefore, these two chains have isomorphic homologies i.e.,
H2(G,C×) := Ker d⋆3/Im d
⋆
2
∼= Ker d¯⋆3/Im d¯
⋆
2.
We have the following exact sequences for k = 1, 2, 3, . . .
0→ Ker d¯k
ik−→ Fk ⊗ZG Z
jk−→ Im d¯k → 0
0→ Im d¯k+1
ψk−→ Ker d¯k
πk−→ Hk(G,Z)→ 0
This leads to the following commutative diagram (for simplicity we write HomZ as Hom):
1

1← Hom(Ker d¯1,C
×)
ψ⋆1

Hom(F1 ⊗ZG Z,C
×)
i⋆1oo
d¯⋆2

Hom(H2(G,Z),C
×)
π⋆2

1→ Hom(Im d¯2,C
×)

j⋆2 // Hom(F2 ⊗ZG Z,C
×)
d¯⋆3

i⋆2 // Hom(Ker d¯2,C
×)→ 1
ψ⋆2

1 Hom(F3 ⊗ZG Z,C
×) Hom(Im d¯3,C
×)← 1
j⋆3oo
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By following the commutative diagram of the left corner, we obtain the following which
will be used later.
j⋆2 (Hom(Im d¯2,C
×)) = d¯⋆2(Hom(F1 ⊗ZG Z,C
×)).(3.0.2)
Define, φ : Hom(H2(G,Z),C
×)→ H2(G,C×) by
φ(τ) = i⋆2
−1 ◦ π⋆2(τ) for τ ∈ Hom(H2(G,Z),C
×).
By the universal coefficient theorem for second cohomology, see [15, Theorem 9.2.1] (here
Ext1
Z
(−,C×) = 1 as C× is a divisible abelian group), we have
φ : Hom(H2(G,Z),C
×)→ H2(G,C×)(3.0.3)
is an isomorphism.
Our next step is to use the above discussion to describe the elements of Z2(G,C×) upto
cohomologous. Observe that, Fi ⊗ZG Z is a free abelian group for all i. So Im d¯2 is also
free abelian, being a subgroup of F1 ⊗ZG Z. Hence the exact sequence
0→ Ker d¯2
i2−→ F2 ⊗ZG Z
j2
−→ Im d¯2 → 0,
splits and there is a homomorphism s2 : Im d¯2 → F2 ⊗ZG Z such that j2 ◦ s2 = id.
Therefore, for every x ∈ F2 ⊗ZG Z there exists unique x1 ∈ Ker d¯2 and x2 ∈ Im d¯2 such
that x = i2(x1)s2(x2) and for every h ∈ HomZ(F2 ⊗ZG Z,C
×),
h(x) = (h ◦ i2(x1))(h ◦ s2(x2)).
We claim that h ◦ s2(x2) ∈ Im d¯
⋆
2. For this, we observe the following.
h ◦ s2(x2) = (h ◦ s2) ◦ j2 ◦ s2(x2) = ((h ◦ s2) ◦ j2) ◦ (s2(x2))
= j⋆2(h ◦ s2)(s2(x2))
By (3.0.2), we obtain h ◦ s2(x2) ∈ Im d¯
⋆
2. Define a function h
′ ∈ HomZ(F2 ⊗ZG Z,C
×) by
the following.
h′(x) = h ◦ s2(x2).
Then for h ∈ Ker d¯⋆3, the element hh
′−1 gives another representatives of H2(G,C×).
Now onwards in this section, we shall always be working with these representatives of
H2(G,C×).
If φ(τ) = [h] ∈ H2(G,C×), then i⋆2(h) = π
⋆
2(τ) i.e., h ◦ i2 = τ ◦ π2. Therefore we have a
well defined mapping ξ : G×G→ H2(G,Z) defined by
ξ(g1, g2) = π2(x1), where x = [[g1, g2]]⊗ 1.
A representative of H2(G,C×) for h ∈ Ker d¯3
⋆
is given by the following.
h([[g1, g2]]⊗ n) = τ ◦ ξ(g1, g2)
n.(3.0.4)
Recall another way to define H2(G,C×) is H2(G,C×) = Z2(G,C×)/B2(G,C×), where
Z2(G,C×) and B2(G,C×) consists of all 2-cocycles and all 2-coboundaries of G respec-
tively. Our next goal, is to use the above discussion to obtain the information regarding
the 2-cocycles of G. We obtain this in the following result.
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Theorem 3.4. Let H2(G,Z) ∼= Z
s⊕ki=s+1Z/riZ. Then there exist functions ti : G×G→ Z
for 1 ≤ i ≤ s and tj : G×G→ Z/rjZ for s+ 1 ≤ j ≤ k satisfying
ti(g, 1) = ti(1, g) = ti(1, 1) = 0, for all g ∈ G
such that upto cohomologous any α ∈ Z2(G,C×) satisfies,
α(g1, g2) = λ
t1(g1,g2)
1 λ
t2(g1,g2)
2 . . . λ
tk(g1,g2)
k , for all g1, g2 ∈ G,
where λj ∈ C
× for 1 ≤ j ≤ k and λrii = 1 for s+ 1 ≤ i ≤ k.
Proof. Note that the map Z2(G,C×) → Ker d⋆3 → Ker d¯3
⋆
given by α 7→ fα 7→
ψ hα such
that
α(g1, g2) = fα([[g1, g2]]) = hα([[g1, g2]]⊗ 1),(3.0.5)
is an isomorphism. Here, α 7→ fα is an isomorphism follows from [15, section 11.6] and
fα 7→ hα is an isomorphism by Claim 3.3. Therefore, the map Φ : Hom(H2(G,Z),C
×)→
H2(G,C×) given by
Φ(τ) = [α], where α(g1, g2) = τ ◦ ξ(g1, g2)(3.0.6)
is an isomorphism.
Suppose H2(G,Z) ∼= Z
s ⊕ki=s+1 Z/riZ. Therefore, any τ ∈ Hom(H2(G,Z),C
×) is given
by τ = τλ1,λ2,...,λk where
τλ1,λ2,...,λk(0, . . . , 0, 1, 0 . . . , 0︸ ︷︷ ︸
1 in i-th position
) = λi,
with λj ∈ C
× for 1 ≤ j ≤ k and λi
ri = 1 for i = s + 1, s + 2, . . . k. Let t′i : G × G → Z
for 1 ≤ i ≤ s and t′j : G × G → Z/rjZ for s + 1 ≤ j ≤ k such that the mapping
ξ : G×G→ H2(G,Z) be given by,
ξ(g1, g2) = (t
′
1(g1, g2), t
′
2(g1, g2), . . . t
′
k(g1, g2)).
Therefore from (3.0.4), (3.0.5) and the form of τ ∈ Hom(H2(G,Z),C
×), any α ∈ Z2(G,C×)
upto cohomologous has the following form,
α(g1, g2) = λ
t′1(g1,g2)
1 λ
t′2(g1,g2)
2 . . . λ
t′
k
(g1,g2)
k ,(3.0.7)
for all g1, g2 ∈ G, such that λj ∈ C
× for 1 ≤ j ≤ k and λi
ri = 1 for s + 1 ≤ i ≤ k. Define
ti(g1, g2) = t
′
i(g1, g2)− t
′
i(1, 1) for all g1, g2 ∈ G and 1 ≤ i ≤ k. Then it is easy to see that
α′ ∈ Z2(G,C×) given by
α′(g1, g2) = λ
t1(g1,g2)
1 λ
t2(g1,g2)
2 . . . λ
tk(g1,g2)
k
is cohomologous to α. This completes the proof. 
Proof of Theorem 1.2:
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Proof. By hypothesis the group H2(G,Z) is a finitely generated abelian group. Let
H2(G,Z) ∼= Z
s ⊕ki=s+1 Z/riZ
∼= ⊕ki=1Ai. Suppose ti : G × G → Z for 1 ≤ i ≤ s and
tj : G×G→ Z/rjZ for s+ 1 ≤ j ≤ k are functions as obtained from Theorem 3.4.
Consider the set G˜ = G × H2(G,Z). For g1, g2 ∈ G, ai ∈ Ai, 1 ≤ i ≤ k, define a
multiplication in G˜ by
(g1, a1, . . . , ak)(g2, a
′
1, . . . , a
′
k) =
(
g1g2, a1 + a
′
1 + t1(g1, g2), . . . , ak + a
′
k + tk(g1, g2)
)
.
It is easy to check that G˜ is a group with the above multiplication and that G˜ is finitely
generated.
Consider the central extension
0→ H2(G,Z)
i
−→ G˜
j
−→ G→ 1,
where i(a) = (1, a) and j(g, a) = g for all a ∈ H2(G,Z). We prove that G˜ is a representation
group of G by proving that the corresponding transgression(tra) is an isomorphism. For
this we prove that the map tra coincides with the isomorphism Φ as given in (3.0.6).
First we describe the homomorphism tra for our case. Any homomorphism H2(G,Z)→
C
× is given by
τλ1,λ2,...,λk(a1, . . . , ak) = λ
a1
1 λ
a2
2 · · ·λ
ak
k ,
where λi ∈ C
× such that λi
ri = 1 for s+1 ≤ i ≤ k. If s : G→ G˜ is the section defined by
s(g) = (g, 0, 0, . . . , 0), then
s(g1)s(g2) = (g1g2, t1(g1, g2), t2(g1, g2), . . . , tk(g1, g2))
= s(g1g2)(1, t1(g1, g2), t2(g1, g2), . . . , tk(g1, g2))
= s(g1g2)i(t1(g1, g2), t2(g1, g2), . . . , tk(g1, g2)).
For τλ1,...,λk , let tra(τλ1,...,λk) = [α] then upto cohomologous,
α(g1, g2) = τλ1,λ2,...,λk(s(g1)s(g2)s(g1g2)
−1)
= λ
t1(g1,g2)
1 λ
t2(g1,g2)
2 . . . λ
tk(g1,g2)
k .
By definition of Φ, we observe that for above α we also have [α] = Φ(τλ1,...,λk). Therefore
tra(τ) = Φ(τ) for all τ ∈ Hom(H2(G,Z),C
×). Hence tra is an isomorphism and G˜ is a
finitely generated representation group of G. Now the required bijection between Irr(G˜)
and ∪[α]∈H2(G,C×)Irr
α(G) follows from Lemma 3.1.

Remark 3.5. In the context of unitary representations a construction of representation
groups for discrete groups was given by Moore [10]. However, it does not seem possible to
deduce the properties of the representation group that we need from his construction. Our
construction is more direct and easily gives us the result that if G is a finitely generated
nilpotent group, so is the representation group G˜.
Theorem 3.6. Let G be a polycyclic group. Then G has a representation group over C
which is finitely generated. Furthermore if G is finitely generated nilpotent, then G has a
representation group which is finitely generated nilpotent.
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Proof. It is well known that polycyclic groups are finitely presented. Let G = F/R be a
free presentation of G. By Hopf formula [7], H2(G,Z) ∼=
[F,F ]∩R
[F,R] is a subgroup of R/[F,R]
and so H2(G,Z) is a finitely generated abelian group. Now result follows from Theorem
1.2.

3.1. Representation group of infinite metacyclic groups. We end this section with
a discussion on infinite metacyclic groups. We explicitly describe representation groups
of infinite metacyclic groups. By [2, Theorem 3.2], every infinte metacyclic groups has
presentation
G = G(m,n, r) = 〈a, b | am = bn = 1, [a, b] = a1−r〉.
where m,n, r are non-negative integers, with mn = 0 and gcd(r,m) = 1. Here G is the
semi direct product of the normal subgroup N = 〈a〉 and H = 〈b〉. In this group we have
the following identities, where [a, b] = aba−1b−1.
[a1a2, b] = [a2, b]
[
[b, a2], a1
]
[a1, b],
[a, b1b2] = [a, b1][a, b2]
[
[b2, a], b1
]
,
[ai, b] = [a, b]i = ai(1−r),
[a, bj ] = a(−1)
j−1
∑j
k=1(1−r)
k(−1)j−k = a1−r
j
,
[ai, bj ] = ai(1−r
j)
The following result describes the second integral homology group for infinite metacyclic
groups.
Theorem 3.7. ([2, Theorem 5.1]) Let G = G(m,n, r) and t = gcd(m, r − 1). Then
H2(G,Z) =
{
Z/tZ, m > 0, n = 0,
1, m = 0, n > 0.
Below, we describe the 2-cocycles for m > 0.
Theorem 3.8. Let G = G(m,n, r),m > 0, n = 0. Then every 2-cocycle of G is cohomol-
ogous to a 2-cocycle α of the following form:
α(aibj , ai1bj1) = λ
i1y(r
j
−1)
t for λ ∈ C×, λt = 1,
where t = gcd(m, r − 1) and x, y are the integers such that xm+ y(r − 1) = t.
Proof. Since G is the semidirect product of N and H and 2-cocycles of cyclic groups
are trivial upto cohomologus, by [9, Theorem 9.4], it follows that there is a function
g : N ×H → C× such that every 2-cocycle of G can be written as:
α(aibj, ai1bj1) = g(ai1 , bj) = g(a, bj)i1 = g(a, b)
i1(r
j
−1)
r−1 = λ
i1(r
j
−1)
r−1 ,
for g(a, b) = λ. Since ba = arb we have bja = ar
j
bj , bak = arkb. Hence
bjai1 = (bja)ai1−1 = ar
j
bjai1−1 = ai1r
j
bj.
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For any two elements X = aibj and Y = ai1bj1 in G, we have XY = aibjai1bj1 =
ai+i1+i1(r
j−1)bj+j1 . Define a function µ : G→ C× by µ(aibj) = λi. Then
µ(X)−1µ(Y )−1µ(XY ) = λi1(r
j−1)
is a coboundary. Hence, upto cohomologous, we may take λ ∈ C× such that λr−1 = 1.
Since α(b, 1) = 1 and α(b, am) = λm, we have λm = 1. Therefore λt = λy(r−1) which imply
λ
1
r−1 = λ
y
t . Thus every 2-cocycle of G, upto cohomologous, is of the form:
α(aibj, ai1bj1) = λ
i1y(r
j
−1)
t for λ ∈ C× such that λt = 1.

Theorem 3.9. Let G = G(m,n, r),m > 0, n = 0. Then
G⋆ = 〈a¯, b¯ | a¯mt = 1, [a¯, b¯] = a¯1−r〉
is a representation group of G, where t = gcd(m, r − 1).
Proof. Consider the subgroup of G⋆ defined by A = 〈a¯m〉. Since [a¯m, b¯] = a¯m(1−r) = 1, A
is a central subgroup of G⋆ such that G⋆/A ∼= G. Thus we have the exact sequence:
Hom(G⋆,C×)
res
−−→ Hom(A,C×)
tra
−−→ H2(G,C×)
inf
−→ H2(G⋆,C×)
By the above theorem,
inf(α)(a¯i b¯j , a¯i1 b¯j1) = α(aibj, ai1bj1) = λ
i1y(r
j
−1)
t
for λ ∈ C× such that λt = 1. For any two elements X = a¯ib¯j, Y = a¯i1 b¯j1 of G⋆, we have
XY = a¯i+i1+i1(r
j−1)b¯j+j1 . Suppose δ ∈ C× be such that δmt = 1 and δt = λ. Define a
map µ : G⋆ → C× by µ(a¯ib¯j) = δiy . Then
µ(X)−1µ(Y )−1µ(XY ) = δi1y(r
j−1) = λ
i1y(r
j
−1)
t .
Thus the map inf is trivial and so tra is surjective. Since |Hom(A,C×)| = |H2(G,C×)| = t,
tra is an isomorphism. Hence the result follows. 
4. Monomial and finite weight projective representations
In this section we explore the monomial projective representations of a finitely generated
group G and its relations to the monomial representations of a representation group G˜.
As a consequence we show that, for a finitely generated nilpotent group G, an irreducible
projective representation ρ is monomial if and only if ρ is of finite weight (see Definition
1.3). We need the following results.
Lemma 4.1. Let H and K be two subgroups of G and χ : H → C×, δ : K → C× be
characters of H and K respectively such that,
(1) kHk−1 ⊆ H for all k ∈ K, i.e. K normalizes H.
(2) χ(khk−1) = χ(h) for all h ∈ H and k ∈ K.
(3) χ|H∩K = δ|H∩K
Then χδ : HK → C× defined by χδ(hk) = χ(h)δ(k) for all h ∈ H and k ∈ K is a
character of HK such that χδ|H = χ.
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Proof. See Lemma 2.9 in [11].

Theorem 4.2. [Frobeinus reciprocity] The induction functor is left adjoint to the restric-
tion functor, i.e.,
HomG(Ind
G
H(ρ), δ) = HomK(ρ,Res
G
K(δ)),
where δ is any representation of G, ρ is a representation of a subgroup H of G and ResGK(δ)
is the restriction of δ to K.
Proof. See [16, Chapter 1] 
Theorem 4.3. Let G be a finitely generated nilpotent group. An irreducible representation
ρ of G is monomial if and only if ρ is of finite type
Proof. See the main results in [1] and [11].

Let G be a group and G˜ be its representation group. Thus by Lemma 2.2, we have a
subgroup A of G˜, A ⊂ [G˜, G˜] ∩ Z(G˜) and a central extension
1→ A→ G˜→ G→ 1
such that the map tra is an isomorphism. Let (ρ, V ) be an irreducible α-representation of
G. We have a character χ : A→ C× such that
α(x, y) = χ(s(x)s(y)s(xy)−1), for all x, y ∈ G.
Define ρ˜ : G˜ → GL(V ) such that ρ˜(ags(g)) = χ(ag)ρ(g) for a section s : G → G˜ and
ag ∈ A. Then ρ˜ is an irreducible (ordinary) representation of G˜. In this article, we say ρ˜
is a lift of α-representation ρ of G to G˜.
Theorem 4.4. The α-representation (ρ, V ) is monomial if and only if (ρ˜, V ) is monomial.
Proof. Assume that ρ˜ is monomial. Then we have a subgroup H˜ of G˜ and a character
ψ˜ : H˜ → C× such that ρ˜ = IndG˜
H˜
(ψ˜).
Claim 1: A ⊂ H˜.
Proof of Claim 1: Suppose not. Notice that the character ψ˜ restricted to H˜ ∩ A can be
extended to a character δ of A (since A is abelian). By Lemma 4.1 we obtain an extension
of the character ψ˜ to ψ˜δ : H˜A→ C×. It follows from Frobenius reciprocity (Theorem 4.2)
that
HomH˜A
(
IndH˜A
H˜
(ψ˜), ψ˜δ
)
= HomH˜
(
ψ˜, ψ˜δ|H˜
)
6= 0.
Hence IndH˜A
H˜
(ψ˜) is not irreducible. On the other hand ρ˜ ∼= IndG˜
H˜A
(
IndH˜A
H˜
(ψ˜)
)
implies
that IndH˜A
H˜
(ψ˜) is irreducible, as ρ˜ is. This finishes the proof.
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Therefore, ρ˜(a) = χ(a) = ψ˜(a) for all a ∈ A. Next, let V be the representation space of
ρ˜ = IndG˜
H˜
(ψ˜). Then V consists of functions f : G˜→ C, supported on finitely many cosets
of H˜, satisfying
f(h˜g˜) = ψ˜(h˜)f(g˜), for all h˜ ∈ H˜, g˜ ∈ G˜.
The action of ρ˜ is given by
(ρ˜(g˜)f)(x) = f(xg˜), for all x ∈ G˜.
Note that the projective representation ρ too is realized on the space V.
Let H ⊂ G be the subgroup defined by H = H˜/A. Define
ψ : H → C×, ψ(h) = ψ˜(s(h)).
Then, for h1, h2 ∈ H we have
ψ(h1h2) = ψ˜(s(h1h2)) = ψ˜(s(h1h2)s(h2)
−1s(h1)
−1s(h1)s(h2)).
Note that s(h1h2)s(h1)
−1s(h2)
−1 ∈ A. Since ψ˜ and χ agree on A we obtain from the above
that ψ(h1h2) = α(h1, h2)
−1ψ(h1)ψ(h2). Hence ψ is an α-representation.
Define ρ1 = Ind
G
H(ψ), realized on the space W consisting of functions f : G → C,
supported on finitely many cosets of H and satisfying
f(hg) = α(h, g)−1ψ(h)f(g), for all h ∈ H, g ∈ G.
We have (ρ1(g)f)(x) = α(x, g)f(xg). Using the fact that any g˜ ∈ G˜ can be written uniquely
as g˜ = ags(g) for ag ∈ A and g ∈ G we define a linear map T : (ρ1,W )→ (ρ, V ) by
T (f) = f˜ where f˜(g˜) = ψ˜(ag)f(g).
Claim 2: The α-representations (ρ1,W ) and (ρ, V ) of G are isomorphic via T .
Proof of Claim 2: To check that f˜ ∈ V, consider h˜ ∈ H˜, g˜ ∈ G˜ and write
h˜g˜ = ahags(h)s(g)s(hg)
−1s(hg).
Noting that s(h)s(g)s(hg)−1 ∈ A we obtain
f˜(h˜g˜) = ψ˜(ahags(h)s(g)s(hg)
−1)f(hg).
Using the relation
ψ˜(s(h)s(g)s(hg)−1) = χ(s(h)s(g)s(hg)−1) = α(h, g)
and the fact that f(hg) = α(h, g)−1ψ(h)f(g) we obtain that
f˜(h˜g˜) = ψ˜(ah)ψ˜(s(h))ψ˜(ag)f(g) = ψ˜(h˜)f˜(g˜).
It is also clear that the support of f˜ is contained in finitely many cosets of H˜ from the
similar property of f.
Next, we show that T (ρ1(g)f) = ρ(g)f˜ . On the one hand we have
T (ρ1(g)f)(g˜1) = ψ˜(ag1)(ρ1(g)f)(g1) = ψ˜(ag1)α(g1, g)f(g1g).
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On the other hand we have,
(ρ(g)f˜ )(g˜1) = (ρ˜(s(g))f˜)(g˜1) = f˜(g˜1s(g)).
Writing g˜1s(g) = ag1s(g1)s(g)s(g1g)
−1s(g1g), we obtain, as earlier,
(ρ(g)f˜ )(g˜1) = ψ˜(ag1)α(g1, g)f(g1g).
It remains to show that T is one-one and onto. The map T is clearly one-one. Now,
let f˜ ∈ V. Define f(g) = f˜(s(g)). Then f(hg) = f˜(s(hg)). Arguing as before we get that
f ∈ W. Also, T (f)(g˜) = ψ˜(ag)f(g) = ψ˜(ag)f˜(s(g)) = f˜(g˜) and hence T (f) = f˜ . This
completes the proof of Claim 2 and therefore (ρ, V ) is a monomial α-representation of G.
Conversely, let ρ : G → GL(V ) be an irreducible monomial α-representation. Then
there exists a subgroup H ⊂ G and an α-representation ψ : H → C× such that ρ =
IndGH(ψ). The space V consists of functions f : G→ C supported on finitely many cosets
of H and satisfying
f(hg) = α(h, g)−1ψ(h)f(g), for all h ∈ H, g ∈ G.
Also, (ρ(g)f)(x) = α(x, g)f(xg). Let π be the surjective homomorphism from G˜ to G =
G˜/A and let H˜ = π−1(H). Then H˜ is a subgroup of G˜ and every element h˜ ∈ H˜ can be
uniquely written as h˜ = ahs(h) for some h ∈ H and ah ∈ A. Define ψ˜ : H˜ → C
× by
ψ˜(h˜) = ψ˜(ahs(h)) = χ(ah)ψ(h).
Then ψ˜ is a one dimensional representation of H˜. Define ρ˜1 = Ind
G˜
H˜
(ψ˜). The similar
arguments as above show that ρ˜1 and ρ˜ are isomorphic. 
Theorem 4.5. The α-representation (ρ, V ) is of finite weight if and only if (ρ˜, V ) is of
finite weight.
Proof. Assume that ρ˜ is of finite weight. So, there exists a subgroup H˜ ⊂ G˜ and a
character ψ˜ : H˜ → C× such that VH˜(ψ˜) is a non-trivial finite dimensional space. Note
that by definition of ρ˜, we have ρ˜|A = χ and so VH˜(ψ˜) = VH˜A(ψ˜χ). Hence we may assume
that A ⊂ H˜. Define H = H˜/A and ψ : H → C× by ψ(h) = ψ˜(s(h)). Now, let v ∈ VH˜(ψ˜).
Then
ρ(h)v = ρ˜(s(h))v = ψ˜(s(h))v = ψ(h)v
as s(h) ∈ H˜. So v ∈ VH(ψ). Similarly, if v ∈ VH(ψ) then
ρ˜(h˜)v = ρ˜(ahs(h))v = ψ˜(ah)ρ˜(s(h))v = χ(ah)ψ(h)v = ψ˜(h˜)v.
Hence v ∈ V
H˜
(ψ˜). Converse is proved similarly. 
Proof of Theorem 1.4
Proof. By Theorem 3.6, a finitely generated nilpotent group G has a representation group
G˜ which is also finitely generated nilpotent. Now the proof follows from Theorem 4.4,
Theorem 4.5 and Theorem 4.3. 
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5. Criterion for finite dimensional projective representations
Let G be a polycyclic group. It is a well known result due to Hall that every irreducible
representation ofG is finite dimensional if and only ifG is abelian by finite (see [4, Theorem
3.2, Theorem 3.3]). That is, such groups G are characterized by the condition that there
exists an abelian normal subgroup N of G such that G/N is finite. By closely following
some of the arguments in [4], we extend this result to projective representations. For
α ∈ Z2(G,C×), we show that every irreducible α-representation of G is finite dimensional
if and only if there exists an abelian normal subgroup N of G such that G/N is finite and
[αN×N ] is of finite order. Notice that the finite order condition is automatically satisfied if
[α] = [1]. As a consequence of this main result we show that every irreducible projective
representation of a finitely generated polycyclic group G is finite dimensional if and only if
there is a normal abelian subgroup N of G such that G/N is finite and [αN×N ] is of finite
order for all α ∈ Z2(G,C×).
Definition 5.1. For α ∈ Z2(G,C×), we say G is α-finite if every irreducible α-representation
of G is finite dimensional.
We need the following results:
Theorem 5.2. Let N be a finitely generated abelian group. Then there exists a central
extension
1→ Z → N⋆ → N → 1,
such that Z = Z(N⋆) = [N⋆, N⋆] and N⋆ is a representation group of N. Moreover, N⋆
is a finitely generated two step nilpotent group.
Proof. See [5, Theorem 1.3] and its proof. The proof of [5, Theorem 1.3] is done by showing
that the corresponding transgression map is an isomorphism. 
Theorem 5.3. Let G be a finitely generated two step nilpotent group and π an irreducible
representation of G. Then, π is finite dimensional if and only if the character obtained by
restricting π to [G,G] is of finite order.
Proof. See [11, Theorem 1.3].

We start with the following lemma:
Lemma 5.4. Let N be a finitely generated abelian group and α ∈ Z2(N,C×). Then N is
α-finite if and only if [α] is of finite order.
Proof. Let ρ be an irreducible α-representation of N and ρ˜ be its lift to N⋆ (see Theorem
5.2). Let s : N → N⋆ be a section such that s(1) = 1. By Theorem 5.2, we have
χ : Z → C× such that tra(χ) = [α].
For n1, n2 ∈ N
α(n1, n2) = ρ(n1)ρ(n2)ρ(n1n2)
−1 = ρ˜(s(n1)s(n2)s(n1n2)
−1).
It follows from the injectivity of the map tra that the character obtained by restricting the
irreducible representation ρ˜ to the center Z = [N⋆, N⋆] equals χ. Since orders of χ and [α]
are equal and, ρ is finite dimensional if and only if ρ˜ is finite dimensional, the proof now
follows from Theorem 5.3. 
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For a group G and a 2-cocycle α of G, the set CαG, called twisted group algebra of G
with 2-cocycle α, is a C-algebra with its vector space basis given by the set {eg | g ∈ G}.
The multiplication of basis elements of CαG is given by the following and is extended
linearly to the whole set.
egeh = α(g, h)egh, for all g, h ∈ G.
Parallel to ordinary representations of G, it is easy to see that (ρ, V ) is an α-representation
of G is equivalent to V being a CαG-module where action is via ρ. Let N be a subgroup
of G and α be a 2-cocycle of G. The α restricted to the set N ×N gives a 2-cocycle of N
and this is denoted by either α|N×N or by α itself.
Lemma 5.5. If G is α-finite, then for every normal subgroup N of G, N is α|N×N -finite.
Proof. We closely follow the proof by Hall in [4, Theorem 3.3] which was for α = 1. We
show that if there is an infinite dimensional irreducible α|N×N -representation of N , then
there is an infinite dimensional irreducible α-representation of G.
If there is an infinite dimensional irreducible α|N×N -representation of N , then there
exists a maximal ideal Q of the twisted group algebra CαN such that CαN/Q is infinite
dimensional. Let T be a set of coset representatives of N in G. Then P = ⊕s∈T sQ is a
left ideal of CαG and Q ⊆ P ∩ CαN , so P ∩CαN = Q.
Let P be a maximal ideal of CαG containing P . Now CαG = ⊕s∈T sC
αN , CαN ∩ P =
Q and CαG = P + CαN . Thus C
αG
P
= C
αN
CαN∩P
= C
αN
Q and hence,
CαG
P
is an infinite
dimensional irreducible α-representation of G. 
Now we are in a position to prove Theorem 1.5. We provide necessary and sufficient
conditions for a polycyclic group to be α-finite.
Proof of Theorem 1.5:
Proof. We will modify the proof by Hall [4, Theorem 3.3] for α = 1. First suppose that
every irreducible α-representation of N is finite dimensional and G/N is finite. Let V be an
irreducible CαG-module. We will prove that V is finite dimensional. Suppose not. Since
V is also CαN -module and G is finitely generated, there exists a maximal CαN -submodule
of V , say W . Then V/W is an irreducible CαN -module and hence finite dimensional.
Let {x1 = 1, x2, . . . , xt} be a set of left coset representatives of N in G. Now N(xiW ) ⊆
xi(NW ) ⊆ xiW and dim(V/xiW ) = dim(V/W ). Consider W0 = ∩
t
i=1xiW. Then V/W0
is a finite dimensional CαN -module. Next, if xjxiN = xkN and w ∈ W0, xj(xiw) =
xknw ∈ W0. Hence W0 is a C
αG-submodule of V . Since V is irreducible, either W0 = V
or W0 = 0. Either case leads to finite dimensionality of V.
Conversely, SupposeG is α-finite. Then by Lemma 5.4 and Lemma 5.5, for every normal
abelian subgroup N of G, [αN×N ] is of finite order. Now we prove that if G is α-finite,
then there is an abelian normal subgroup N such that G/N is of finite index.
Since G is a finitely generated polycyclic group, G has a series
1 = G0 EG1 EG2 E · · ·EGn = G
such that Gi/Gi−1 is cyclic. We use induction on n. For n = 1, G is cyclic, so the result
is true. Now assume n > 1, and consider the cases, where Gn−1 does not have an abelian
subgroup of finite index or Gn−1 has an abelian subgroup of finite index separately.
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First suppose that Gn−1 has no abelian subgroup of finite index. Hence by induction
hypothesis Gn−1 has an infinite dimensional irreducible α-representation. So by Lemma
5.5, G has an infinite dimensional irreducible α-representation and we are done.
Now consider the case where Gn−1 has an abelian subgroupK of finite index q. We shall
construct a normal subgroup L
′
of G which admits an infinite dimensional irreducible α-
representation. The construction of the subgroup L
′
is exactly as in the proof of [4,
Theorem 3.3], and we reproduce it here for the sake of completeness. However, for the
construction of the representation we use previous results and arguments from [4].
The q-th power of the elements of Gn−1, say D, is a characteristic subgroup of Gn−1
contained in K. Now Gn−1/D is a finitely generated solvable group such that every
element has finite order, so Gn−1/D is a finite group. Also D is abelian and normal in
Gn. The torsion elements of D form a finite group E, say of order s. Then consider B,
the s-th power of elements of D, which is a free abelian group, normal in Gn and of finite
index in Gn−1.
Let y ∈ Gn be such that Gn = 〈Gn−1, y〉 and let k be the order of the automorphism of
the finite group Gn−1/B induced by transformation with y. Then we write L = 〈B, z〉, z =
yk and observe that L is normal in Gn of finite index. We further assume that L/B is
infinite. Because if L/B is finite then Gn/B is finite and then we are done.
If the automorphism ξ of B induced by transformation with z were of finite order m,
then 〈B, zm〉 would be an abelian subgroup of finite index in G, then we are done. Hence
we assume ξ is of infinite order. It follows that the rank r of B is at least 2. Let t1, t2, . . . , tr
be a basis of B and let Bi = {t1, t2, . . . , ti−1, ti+1, . . . tr} for i = 1, 2, . . . , r.
Let Ni be the normalizer of Bi in L. Suppose, if possible, that Ni > B for each i. Then
every Ni contains some positive power of z. Hence there is an integer s > 0 such that
zs ∈ ∩ri=1Ni. Then z
−stiz
s ∈ ∩j 6=iBj = {ti}, for each i = 1, 2, . . . , r. Since the ti are of
infinite order, it follows that z2s commutes with every ti and ξ is of order a divisor of 2s,
but ξ is of infinite order. Therefore Ni = B for some value of i. For this value of i, we
write ti = t, Bi = A so that B = 〈A, t〉 and B/A is infinite cyclic.
If [αB×B ] is not of finite order, then by Lemma 5.4, B is not α-finite and so by Lemma
5.5, G is not α-finite, a contradiction. Hence [αB×B ] is of finite order, so B is α-finite, by
Lemma 5.4. By Theorem 5.2, we have a central extension
1→ Z → B⋆ → B → 1
such that B⋆ is a a representation group of B, which is a two-step nilpotent group such
that Z = [B⋆, B⋆]. There is a character χ of Z such that tra(χ) = [αB×B]. Since B is
α-finite, irreducible ordinary representations of B⋆ lying above χ are finite dimensional
and by [11, Theorem 1.1], they are monomial. Thus by Theorem 4.4, irreducible α|B×B-
representations of B are monomial. So for ρ ∈ Irrα(B) there exists a subgroup H of B
and a character ψ : H → C× such that α(h1, h2) = ψ(h1)ψ(h2)ψ(h1h2)
−1, ρ = IndBH(ψ).
Define a map µ : G→ C× by
µ(g) =
{
ψ−1(g), g ∈ H,
1, g /∈ H,
Then take α′(g1, g2) = α(g1, g2)µ(g1)µ(g2)µ(g1g2)
−1. Hence cocycles α′ and α are co-
homologous and α′|H×H = 1. Note that H is of finite index in B, say ℓ. Consider the
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subgroup C, generated by ℓ-th power of elements of B. Clearly C ⊂ H. Then C is a
characteristic subgroup of B of finite index such that α′|C×C = 1.
Let L′ = 〈C, z〉. We show that L′ has an irreducible α′-representation of infinite dimen-
sion. Since L′ is a finitely generated polycyclic group, we have a central extension
1→ J → L˜′
π
−→ L′ → 1
such that L˜′ is a representation group of L′, existence follows from Theorem 3.6. Then
there is a character χ : J → C× such that tra(χ) = [α′
L′×L′
]. Let C˜ = π−1(C). Consider
the central extension 1 → J → C˜ → C → 1. Every element c˜ ∈ C˜ can be written as
c˜ = s(c)j, c ∈ C, j ∈ J , where s is a section from L′ to L˜′.
Recall that B = A ⊕ 〈t〉 such that B/A is infinite cyclic. Since B/C is of finite index,
there is a smallest positive integer k such that tk ∈ C. Now let λ ∈ C× which is not a
root of unity. For each integer h = 0,±1,±2, . . ., we define a function ρh on C˜ by the rule
that, for any c˜ ∈ C˜, ρh(c˜) = ρh(s(c)j) = χ(j)λ
β , where the integer β = βh(c) is defined
by the condition that zhcz−h = (tk)β( mod A). Let c˜i = jis(ci), i = 1, 2. Now we have
c˜1c˜2 = j1j2s(c1)s(c2)s(c1c2)
−1s(c1c2). so,
ρh(c˜1c˜2) = χ(j1)χ(j2)χ(s(c1)s(c2)s(c1c2)
−1)λβ1+β2
= χ(j1)χ(j2)α
′(c1, c2)λ
β1+β2
= χ(j1j2)λ
β1+β2
= ρh(c˜1)ρh(c˜2).
Hence ρh are one dimensional ordinary representations of C˜ such that ρh|J = χ. Observe
that {ρh|h = 0,±1,±2, · · · } are not equivalent.
Since L′/C ∼= 〈z〉, we have L˜′/C˜ ∼= 〈s(z)〉. Now we define V = ⊕∞−∞C[vm], where vm is
a generator of space ρm for m = 0,±1,±2, . . .. Define
s(z)vm = vm+1, c˜vm = ρm(c˜)vm.
Then V is an infinite dimensional ordinary representation of L˜′ lying above χ. The repre-
sentation V is easily seen to be irreducible. Thus V is an infinite dimensional irreducible
α′-representation of L′. So by Lemma 5.5, G will have an infinite dimensional irreducible
α′-representation. Since α′ and α are cohomologous, so G will have an infinite dimensional
irreducible α-representation, which is a contradiction. 
Corollary 5.6. Every irreducible projective representation of a polycyclic group G is finite
dimensional if and only if there is a normal abelian subgroup N of G such that for any
α ∈ Z2(G,C×), [αN×N ] is of finite order and G/N is a finite group.
Proof. Let G be a polycyclic group. If there is an abelian normal subgroup N such that
for any α ∈ Z2(G,C×),[αN×N ] is of finite order and G/N is finite, then by Theorem 1.5
every irreducible projective representation of G is finite dimensional.
Conversely, suppose every irreducible projective representation of G is finite dimen-
sional. By Theorem 1.5, it follows that, there is an abelian normal subgroup N such that
G/N is finite. If for some α ∈ Z2(G,C×), [αN×N ] is not of finite order, then by Lemma
5.4 and Lemma 5.5, there exists an infinite dimensional irreducible α-representation of G,
which is a contradiction. 
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5.1. Examples. In this section, we discuss some examples of α-finite groups.
Example 1: Consider the group G = (Z/nZ×Z)⋊Z, where the multiplication is defined
by
(m1, n1, p1)(m2, n2, p2) = (m1 +m2 + p1n2(mod n), n1 + n2, p1 + p2).
By [5, Lemma 2.2(ii)], it follows that every 2-cocycle α ∈ Z2(G,C×), upto cohomologous,
is of the following form:
σ((m1, n1, p1), (m2, n2, p2)) = λ
(m2p1+
n2p1(p1−1)
2
)µ(n1m2+p1
n2(n2−1)
2
+p1n1n2),
where λ, µ ∈ C× such that λn = µn = 1. Hence every 2-cocycle is of finite order and there
is a normal subgroup (Z/nZ × nZ) × Z of G such that quotient group is finite. So by
Corollary 5.6, every projective representation of G is finite dimensional.
Example 2: Our next example is of generalized discrete Heisenberg groups. These are
finitely generated two-step nilpotent groups of rank 2n + 1 with rank 1 center. Given an
n-tuple (d1, d2, . . . , dn) of positive integers with d1|d2| · · · |dn we write
G = H2n+1(d1, d2, . . . , dn) = {(a, b, c)|a ∈ Z, b, c ∈ Z
n},
where the group operation is defined by
(a, b1, b2, . . . , bn, c1, . . . , cn)(a
′, b′1, b
′
2, . . . , b
′
n, c
′
1, . . . , c
′
n)
= (a+ a′ +
n∑
i=1
dib
′
ici, b1 + b
′
1, b2 + b
′
2, . . . , bn + b
′
n, c1 + c
′
1, . . . , cn + c
′
n)
Consider H = H3(d1) and K = H2n−1(d2, . . . , dn). Then G is a central product of normal
subgroups H and K with Z = [H,H] ∩ [K,K] = d2Z. Consider the set
Hd13 (d2) = {(m,n, p) | m ∈ Z/d2Z, n, p ∈ Z},
with the group operation defined by
(m1, n1, p1)(m2, n2, p2) = (m1 +m2 + d1p1n2, n1 + n2, p1 + p2).
Then
G/Z ∼= Hd13 (d2)× Z
2n−2.
By [5, Corollary 3.2], there is a bijective correspondence between the projective rep-
resentations of G and those of G/Z. Since G/Z has a normal abelian subgroup N =
Z/d2Z × d1Z × Z
2n−1 such that the quotient G/ZN
∼= Z/d1Z. By Corollary 5.6, every
irreducible α-representation of G is finite dimensional if and only if [αN×N ] is of finite
order.
Example 3: For infinite metacyclic groups, we obtain the following results. From Sec-
tion 3.1, recall that infinite metacyclic groups have the following presentation.
G = G(m,n, r) = 〈a, b | am = bn = 1, [a, b] = a1−r〉.
Theorem 5.7. Let G = G(m,n, r) be an infinite metacyclic group with m > 0, n = 0.
Then the following are equivalent:
(i) G is nilpotent.
(ii) G is abelian by finite.
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(iii) For any α ∈ Z2(G,C×), irreducible α-representations of G are finite dimensional.
Proof. By Theorem 3.7, the group H2(G,Z) is finite and therefore is H
2(G,C×). By
Theorem 1.5, it is enough to prove that (i) is equivalent to (ii). Here γk(G) = 〈a
(1−r)k−1〉
for k > 0. Let G be nilpotent. Then there is a k such that m divides (1 − r)k and so
[a, bkm] = a1−r
km
= a(1−r)
km
= 1. So N = 〈a, bkm〉 is an abelian normal subgroup of G
such that G/N is finite.
Conversely assume that there is an abelian normal subgroup N of G such that G/N is
finite. Observe that N 6= 〈as〉 for s > 0 as G/N is finite. Hence there exists j 6= 0 such
that aibj ∈ N . Since N is normal, so a(aibj)a−1 = a1−r
j
(aibj) ∈ N . Since N is abelian,
so [aibj , a1−r
j
] = [bj , a1−r
j
] = a−(1−r
j)2 = 1, which implies m divides (1 − rj)2. Thus m
divides (1− r)2jm as 1 = a(1−r
jm)2 = a(1−r)
2jm
. Therefore G is nilpotent. 
In contrast, the following remark shows that G = G(m,n, r) with m = 0, n > 0 always
has an infinite dimensional irreducible representation. We note that by Theorem 3.7 the
projective representations of G are the ordinary representations of G for m = 0, n > 0 .
Remark 5.8. There exists an infinite dimensional ordinary irreducible representation of
G = G(m,n, r) with m = 0, n > 0.
Proof. In this case, the group G can not be nilpotent as, for any k > 0, γk(G) =
〈a(1−r)
k−1
〉 6= 0. Following the proof of Theorem 5.7, we can check that G can not be
abelian by finite, as the element a is of infinite order. Hence by Theorem 1.5, there exist
an infinite dimensional ordinary irreducible representation of G. 
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